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The dimensional reduction of (the bosonic sector of) five-dimensional minimal supergravity to 
four dimensions leads to a theory with a massless axion and a dilaton coupled to gravity and two 
U(l) gauge fields (one of which has Chern-Simons coupling), whose field equations have SL(2,R) 
invariance. Utilizing this SL(2, _R)-duality, we provide a new formalism for solution generation. As 
an example, applying it to the Rasheed solutions, which are known to describe dyonic rotating black 
holes (from the four-dimensional point of view) of five-dimensional pure gravity, we obtain rotating 
Kaluza-Klein black hole solutions in five-dimensional minimal supergravity. We also show that the 
solutions have six charges: mass, angular momentum, Kaluza-Klein electric/magnetic charges and 
electric/magnetic charges of the Maxwell field, four of which are related by a constraint. 

PACS numbers: 04.50.+h 04.70.Bw 

I. INTRODUCTION 

Black holes are one of the most mysterious objects in Nature. While really observed in the universe, black holes 
have attracted much attention from many theorists since the first exact solution was found in 1916 [l[ both in general 
relativity and string theory. By the middle 90's, it became recognized that extended black objects were quite common 
solutions (see Q for a review) to equations of motions of effective low-energy supergravity of string theory, and they 
are understood as macro-scopic realizations of D-brancs, which reduce to black holes if all the extended dimensions 
wrap around cycles of some compact internal manifold. Various duality transformations have been applied to various 
combinations of a stack of D-branes to yield a variety of black hole solutions. In some cases this correspondence allows 
to reproduce black hole entropies by counting the number of D-brane states [1| . 

In most cases in higher dimensions, asymptotically Rat black holes have been considered in various theories; the 
stationary, axisymmctric black holes (with multiple rotational symmetries) of this category are simple generalizations 
of the well-known four-dimensional black holes to higher dimensions. Since, however, our real observable world is 
macroscopically four-dimensional, extra dimensions have to be compactified in realistic spacetime models in a certain 
appropriate way. Therefore it is of great interest to consider higher dimensional Kaluza-Klein black holes with compact 
extra dimensions, which behave as a higher-dimensional object near the horizon but look like a four-dimensional one 
for an observer at large distances [62|. Because of the lack of global geometrical symmetry, the construction of 
Kaluza-Klein black holes is a non-trivial problem. Examples of known exact Kaluza-Klein black holes are the ones of 
cohomogeneity one, which are obtained by squashing the same class of non-compactificd black hole solutions 

Kaluza-Klein black hole solutions which asymptote to some non-trivial S^-bundle over the four-dimensional 
Minkowski space-time were also generalized to supcrsymmetric solutions. The first supcrsymmetric Kaluza-Klein 
black hole solution of this t ype was a black hole in Taub-NUT space [HI EH ■ A similar type of supersymmetric black 
hole was obtained in Ref. [l2| by taking a black-hole limit of the supersymmetric black ring in Taub-NUT space; 



* E-mail:mizoguch@post. kck.jp 
t E-mail:tomizawa@post. kck.jp 



2 



Solutions in D — 5 minimal supergravity 


M 


J 


Q 


P 


g 


P 


Gaiotto-Strominger-Yin fill 


yes 1 " 


no 


yes 


yes 1 " 


yes 1 " 


no 


Elvang-Emparan-Mateos-Reall [121 


yes 1 " 


no 


yes 


yes 1 " 


yes 1 " 


yes 1 " 


Ishihara-Matsuno [4] 


yes 


no 


no 


yes 


yes 


no 


Nakagawa-Ishihara-Matsuno- Tomizawa [6] 


yes 


no 


yes 1 " 


yes 1 " 


yes 1 " 


yes 1 " 


Tomizawa-Ishihara-Matsuno-Nakagawa [7] 


yes 


no 


yes 


yes 


yes 


yes 


Tomizawa- Yasui-Morisawa [48] 


yes 


yes 


no 


yes 


yes 


no 



TABLE I: Classification of Kaluza-Klein black holes in five-dimensional minimal supergravity: The six charges, M, J, Q, P, q 
and p denote, respectively, their mass, angular momentum, Kaluza-Klein electric charge, Kaluza-Klein magnetic charge, electric 
charge and magnetic charge. Here the charges with a dagger " f " for each solution are not independent but related by a 
certain constraint. 



Further generalizations to other supergravity theories, or to black strings and black rings in Taub-NUT space were 
also considered by many authors [9|, Ilj| - t261 |. In the non-extremal cases, a similar type of Kaluza-Klein black hole 
was considered by Ishihara-Matsuno [J], who have found static charged Kaluza-Klein black hole solutions in five- 
dimensional Einstein-Maxwell theory by using the squashing technique in the five-dimensional Rcissncr-Nordstrom 
solution. Subsequently the Ishihara-Matsuno solution was generalized to many different cases in five-dimensional 
supergravity theories. In Ref. @, the squashing transformation was applied to the five-dimensional Cvetic-Youm 
charged rotating black hole solution [27j with equal charges, and as a result, a non-extremal charged rotating Kaluza- 
Klein black hole solution in the supersymmetric limit jlOl [Tl| was obtained. Furthermore, the application of the 
squashing transformation to non-asymptotically fiat Kerr-Godel black hole solutions (28l - [3l| was first considered in 
Refs. 0, H, HH ■ These solutions 043 correspond to a generalization of the Ishihara-Matsuno solution to the rotating 
black holes in five-dimensional minimal supergravity 

Hidden symmetries that a theory possesses often make it possible for us to find new solutions. It has been known 
for a long time that dimensionally reduced gravity (and supergravity) theories typically possess a non-compact group 
global symmetry [33l - l37j , which enables us to generate a new solution by acting this group transformation on a known 
"seed" solution. The dimensional reduction of five-dimensional minimal supergravity [38j to four dimensions was 
performed in [39j and reconsidered in (40| , where in the latter the similarity of five-dimensional minimal supergravity 
to eleven-dimensional supergravity was emphasized. In particular, it was shown there floj that the D = 4 reduced 
theory have SL(2,R) symmetry precisely in the same manner as D = 4, N = 8 supergravity (which is obtained by 
dimensional reduction of D = 11 supergravity (4lj ) exhibits E^t^i} symmetry [37| . which is the continuous version of 
U-duality [42| (see [43[ for a review) in typell string theory. Also, in the presence of two space-like commuting Killing 
vector fields, it is described by the G 2 ( +2) /S , 0(4) (or /SO(2, 2) = /[SL(2, R) x SL(2, EYjJf one of the Killing vector is 
time-like) sigma model couple to gravity analogous to the E$( + g)/SO(16) sigma model [44j arising in the dimensional 
reduction of D = 11 supergravity to three dimensions. The similarity of the structures of these two sigma models is 
made manifest by the use of Freudenthal's realization of the Lie algebras, G2 and .E^ [iol. [45ll46j . 

So far, various types of black hole solutions in five-dimensional theories have been derived with the help of recent 
development of solution-generation techniques, such as non-linear sigma model approach [I8I - I2TI I47M50L \52\ [53j . as 
well as supersymmetric black hole solutions [10|, H3, HH . In this paper, we utilize the above-mentioned SL(2,R) 
symmetry of the dimensionally reduced five-dimensional minimal supergravity to four dimensions. The bosonic sector 
consists of two Maxwell fields, a massless axion and a dilaton, all coupled to gravity. As was shown in Ref. (ioj . 
the equations of motions (derived by the dimensional reduction) are invariant under the action of a global SL(2, R) 
group, by which Maxwell's fields are related to Kaluza-Klcin's electromagnetic fields. This SL(2, R)-duality admits us 
to generate a new solution in (the bosonic sector of) five-dimensional minimal supergravity by stating from a certain 
known solution in the same theory ,63.!]. One of the advantages of this D = 4 SL(2,R) duality is that, unlike the 
D = 3 (G 2 ( + 2)) duality, one need not integrate back the dualized scalar potentials to recover the U(l) gauge fields, 
which is in general a complicated problem. Another advantage is that this transformation preserves the asymptotic 
behavior of the solutions at infinity. The similar type of electric-magnetic duality in non-linear electromagnetism has 
been studied in earlier works [56l |57| . 

The known examples of Kaluza-Klein black holes within (the bosonic sector of) five-dimensional minimal super- 
gravity are summarized in TABLE [I] (except trivial solutions such as black strings), where they are classified according 
to their conserved charges (mass, angular momentum, Kaluza-Klein electric/magnetic charges and electric/magnetic 
charges of the Maxwell field) which the dimensionally reduced four-dimensional black holes carry. As seen in the list, 
the most general black hole solutions having six independent charges, which are expected to exist, have not been 
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discovered so far. [64J The purpose of this paper is to develop a new solution-generation technique by applying the 
framework of the SX(2, i?)-duality to a known starting-point solution in five-dimensional theories, in order to find 
exact solutions of such general black hole solutions with six charges in five-dimensional minimal supcrgravity. As we 
will see, we will indeed find a six-charge solution starting from a four-charge (the Rasheed) solution, but unfortunately 
these six charges are not independent but related by a single constraint. We expect, however, that by further applying 
another different SL(2, R) transformation associated with a different choice of a Killing vector we may be able to find 
full six-parameter solutions; the work is in progress. 

The remainder of this paper is organized as follows: In the next section, we will briefly describe our strategy for 
the solution-generation technique and write down some necessary formulas, such as the equations of motion and the 
definitions of relevant fields. In Section III, by acting the SL(2,R) transformation on a certain seed solution, we 
write down some necessary formulas. In Section IV, we provide some necessary information concerning the Rasheed 
solution, which we use as a seed in this paper. In Section V, we present new black hole solutions and study some 
basic properties, such as asymptotic charges, its topology and regularity. Section VI is devoted to summarizing our 
results and discussing our formalism. 

Notational remark: In this paper we use many "^4" 's for different quantities; to avoid confusion we summarize their 
definitions here: Am denotes the five-dimensional Maxwell field in minimal supcrgravity. is the four-dimensional 
spacetime component, and A§ is the fifth component and becomes an axion upon reduction to four dimensions. A'^ 

is the Kaluza-Klein-indcpendent gauge potential, and A^ is the dual gauge potential. All these are transformed by 
the SL(2,R) transformation and have corresponding "new" quantities, which are indicated by the superscript new . 
On the other hand, by just "A" we mean the scalar function used in the metric of the Rasheed solution. This A does 
not change under the SL(2,R) transformation, and hence there is no "new" quantity for this A (see below). The 
symbol 2A < jf tasheed \ which only appears in the remark above (p?3"]) and a footnote, is replaced in this paper with B^, 
the Kaluza-Klein gauge potential. Finally, the calligraphic A is used as the five-dimensional 1-form Audx M , and 
A new = A™ ew dx^ as well as A' new = A ir ^ w dx^ are also 1-forms. (Without "new" we do not use such an abbreviation, 
otherwise it would conflict with Rasheed's scalar function A.) 



II. D=4 SL(2,R) DUALITY 

In this section we review the SL(2, R) duality symmetry (40| of five-dimensional minimal supergravity [38l |39| 
dimensionally reduced to four dimensions. The bosonic Lagrangian that we use is 

C = (r® - \f mn F mn ^ -L=e MNp Q R F MN F PQ A R . (1) 
The indices M, N, . . . run over 0, 1, 2, 3 and 5. Fmn = @mAn — O^Am- E^ is the determinant of the vielbein E^ A 

(5) 

related to the five-dimensional metric G MN as 



M > 



^(5) . U5)A p (5)B / 9 n 

VAB = diag(-l, +!,+!, +!,+!), (3) 



and hence E^ — y/—G^>. Finally, e MNp Q R [ s densitized, taking values ±1. 

We consider solutions which allow a Killing vector field, and take a suitable coordinate system so that the Killing 
vector is written as d/dx 5 . Denoting the rest of the coordinates as x 11 (fi = 0, 1, 2, 3), we decompose the vielbein and 
gauge field in the form 

et = (p-tft y\ (4) 

A M = (A^, A 5 ). (5) 
Such a class of solutions satisfy equations of motion derived from the Lagrangian with the x 5 dependence dropped 

C = E^ (rW - ^lnp^lnp- Ip-^A^As - \p*B„ v B^ 

~pF$F {4 ^ - -±=EW-h^»°F„ u F p(T A^ , (6) 
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where 

FW = F^+B^A*, (7) 

f;„ = a^-a,^, (8) 

A; = A M -B f _ l A 5 , (9) 

and 

= d^B v -d v B^. (10) 

The scalar part of the Lagrangian ((6]) is already in the form of the SL(2, R)/U(l) nonlinear sigma model. To show 
that the whole system has an SL(2, R) symmetry, one needs to express the degrees of freedom of the four-dimensional 
gauge field in terms of its electro-magnetic dual A^ [13, 5(| ■ To do this we add to (j6)) a Lagrange multiplier term 

^Lag.mmt. = \^ P ° Kd p F'^ (11) 

partially integrate it and complete the square. Discarding the perfect square, one finds (40| 

.mult. 

C s = -F (4) (jd^pdflnp + ^p-Zd^A^As 



C v = --E^g^ v N^g pa , (12) 



where 



°- m {t,y (i3 » 

V = d^K-d^. (14) 

N^ wpa is a two-by-two matrix in the form 

N W = m I^PT + a tyH»f»T t 

V^mV' 1 = K — -($$>*K + if $*<&) + -$$* 2 K<&, 
2 4 

v~ l aV~ l = -$* J ftr-$ + i($$* 2 J ftr + J fs:$* 2 $) + i$$*$-i$$* 3 J Fs:$, (15) 

2 V ' 3 4 y ' 



where 



with 



■ytivpo _ _ ^gf(4)wQt(4)w _ Q{4)upQ{1)iio^j ^ ^6) 
(*)W<7 = I_B(4)-l e M"po- j (17) 



Jf^l + S**)- 1 , ^_ 1 -i j4( . < (19) 



V3 

The square term discarded in (|12[) gives a relation between A M and A^: 



* 



Mpv^vip ( ^=^ M " - ^ " J , (20) 

(M-'r'"' ^ (i + ^-^w)" , (2i) 
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A, v = p(*FW)v,-±A s Fj$ + -±=AlB, 



(22) 



The dimensionally reduced system has two independent four-dimensional gauge fields, the Kaluza-Klein gauge field 
_B M (= 2A^ asheed ^ in the notation of |47|) and the dual of the four-dimensional component of the gauge field A^. 
The SL{2, R) symmetry mixes these two and their electromagnetic duals together into a linear combination. More 
precisely, if one defines 



R-iiv — 



H 



/ ' ' ' 



and write the four "field strengths" in a single column vector 

J~ \jLV — 



GfJ,u 

Rp,u 



then it can be shown that F^ v satisfies 



where 



= nvlV T - V-V+(*F)^, 



v 4 



V 



v- 



, V_ = exp 



and 



(23) 



(24) 



(25) 



(26) 



n = 



(27) 



is the invariant matrix of Sp(A). 

To see the SL(2, R) invariance in the vector sector, it is convenient to introduce representation matrices of the 
SL(2,R) Chevalley generators embedded in Sp(A): 



E = 



\ 



( y/Z 

2 

o Vs 



and their similarity transformations 



V 



F = 



\ 



( o 

Vs o 

2 

V Vs o J 



( 3 



H = 



E' = P- 1 EP, F' = P^FP, H' = P- 1 HP, 



-1 



\ 



-3/ 



(28) 



(29) 



-1\T 



( 











1 






1 





















1 












1 








) 



Then we can write 

V_V+ = exp(0 J B / )cxp(-logp5iJ'). 
Let A e SL(2, R) generated by E', F' and H'. Then 

a- 1 ^, = k- l nvlv T V-V+{*F)^ 

= Vt{K T VlV T V-V+h)K- 1 {*F)^. 



(30) 



(31) 



(32) 
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Therefore the equations of motion and the Bianchi identity are invariant under 

i— > A" 1 ^, (33) 
V-V+ i-> V-V+A. (34) 

Also using TZ = (V_V+) T V_V+, the scalar Lagrangian can be written as 

C s = -^E^Trd^TZ^d^TZ, (35) 

which is also invariant under (|34p . The trace in (|3"5j) is taken in the 4 representation (j2"9l . 

This is precisely analogous to the dimensional reduction of eleven-dimensional supergravity (4~0 | to four-dimensions 
[37l ] - where the coset is then E 7 ( +7 )/ SU(8) and twenty-eight vector fields are similarly doubled and transform as 56 of 
E 7 represented as Sp(56) matrices [42j]. The four gauge fields (A^, and their electro-magnetic duals) transform as 



4 (that is, spin-|) representation of SL(2.R). Therefore, A^, are not on equal footing; upon further dimensional 



.31 

reduction to three dimensions, A^{B^) corresponds to a short(long) root of the non-simply-laced Lie algebra G2 [45j. 

Finally, since Hw v (f23|) is the "dual of dual" , it is essentially the field strength of the original gauge field before the 
dual is taken. More precisely, it can be shown that 

Ku = -F' (36) 



III. SOLUTION GENERATION 



Utilizing the SL(2, R) symmetry which the field equations in the dimensionally reduced four-dimensional spacetime 
have, one can generate new solutions from already known solutions within five-dimensional minimal supergravity; the 
latter are often called seed solutions in the context of solution-generation techniques. The strategy to generate a new 
solution consists in the following steps: First, to reduce the five-dimensional spacetime to four dimensions, one must 
choose a Killing vector £ = d/dw so that the metric and gauge potential 1-form does not depends on the parameter w 
(in this paper, we take it to be the U(l) generator of compactified fifth direction d/dx 5 ). The dimensional reduction 
of the five-dimensional metric and the Maxwell field yields the four-dimensional Einstein theory with two Maxwell 
fields, a dilaton, and an axion. From the dimensionally reduced metric and the gauge fields, one reads off the dilaton, 
axion (p,A 5 ) and the Maxwell field, Kaluza-Klein gauge field {A^^B^). In terms of the scalar fields and vector 
fields for a seed solution, one constructs the matrix TZ and the field strength vector J 7 ^. Next, applying a suitable 
SL (2, i?)-transformation to the matrix TZ and the four-vector representing the seed solution, i.e. TZ — > A T TZA 1 
T^y — > A^J 7 ^ for A £ SL(2,R), one can get a new matrix TZ new and a four-vector FV£ W . It is straightforward to 
read off the dilaton and axion for the new solution from the transformed matrix TZ new . Also, from the transformed 
field strength vector J r ^ w , one can read off the field strengths (BV£, W , F'™ e J") of the transformed solution. Integrating 
B^ w , one gets the Kaluza-Klein gauge field B™ ew . Further, integrating F ir ^J" and combining Eq. (|9]), one obtains 
the Maxwell field A 7 , l , ew of the transformed solution. 



A. Scalar fields -axion and dilaton- 



To derive the transformation rules for the two scalar fields, it is more convenient to use the 2 x 2-matrix representation 
of SL(2, R) rather than the 4 x 4-matrix representation introduced in the previous section. The isomorphism ir maps 
the generators as follows: 

<E')= ( Q ^, n(F')=( °V n(H')=( 1 _Y (37) 
In general, any group element of SL(2, R) can be decomposed in this defining representation as 

(38) 





if d =/= 0, where a, b, c, d, a, (3 and 5 are all real numbers with ad — be = and 6^0. Also, the element with d = 
can be obtained by blowing up the singularity that occurs in the limit S — > 0. Therefore, a general choice for A is 

A = e -aE' e (lo S 6)H' e -0F'^ (3g) 
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However, it turns out that the middle factor coming from the Cartan subalgebra does not produce any new solution 
but only changes the values of the parameters of the solution. Therefore we choose 

A = e- aE 'e-P F ', (40) 
and compute TZ new : following Eq. (f3"4"]l . Using the isomorphism ([57]) . we find 

As 3 p A * + P ) 



-> it{K' iew ) = tt(A t ^A) = 



(l + £(«+$)) p-' + ^P -(l + fKa + %j)(a + %)p-i-flp' 
(l + /% + $)) (a + p- 1 - /3p (a + V 1 + P 



(42) 



In particular, if we transform vacuum solutions of five-dimensional Einstein theory, we can set the axion Ac, to be 
0. In this case, from Eq. (|42p . the transformed dilaton field and axion field read: 

p new = (43) 

AT- = V3#±#±|4- (44) 
5 (1 + a/3) 2 + /?V v ; 



B. Vector fields - Kaluza-Klein gauge field and Maxwell field - 

Next, we consider the sector of two vector fields, the Kaluza-Klcin gauge field and the Maxwell field. The transfor- 
mation (|33j) with A = e~~ aE e~^ F yields 



( h» \ 



B u 



/ ' ' ' 

- in 



-F' 



-pnew _ 4-1 -p 



( l + 3a/3 \/3a 2 (l + a/3) a (2 + 3a/3) V3/3 
V30 2 (l + a/3) (l + a,3) 3 ^3/3(1 + a/3) 2 /3 3 
/3(2 + 3a/3) V3a(l + a/3) 2 1 + 4a/3 + 3a 2 /3 2 V3/3 2 



V 



V3a a 3 V3a 2 

Again, if the seed solution has no Maxwell fields, the field-strength vector T^v is simplified to 





( V \ 




Bfj, v 




—F' 


) 





( 







\ 



B 







V P 3 (*B)^ J 



and the new Kaluza-Klein gauge field strength can be written in the form: 

B^T = (1 + <*PfB„, + f3 3 p 3 (*B)^. 
Here, let us define the dual 1-form B = B^dx^ for the 1-form B = B^dx 11 [65| by 

dB = p 3 * dB. 



(45) 



(46) 



(47) 



(48) 



(49) 



The equation of motion for the vector B^ assures existence of such a 1-form B. Then, for the transformed solutions, 
in terms of B, the Kaluza-Klein gauge potential 1-form B new = B^^dx 11 can be written as 



B new = (i + a pf B + j3 3 B. 



(50) 



8 



On the other hand, from the third column of the four- vector J- r ^j w , it turns out that 



- F'™ w = v/3o(l + a/3) 2 B^ + p 3 (*B)^, 

which can be integrated to give 

A ,new = _ y /s a ( 1 + a(i f B _ Jzft-B. 
Recall (Eq. ©) that the 1-form A' new can be written as 

Therefore, the new gauge potential 1-form A new = A r ^ w dx lL is 

A new = \(1 + a/3) 3 A r * ew - V3a(l + a(3) 2 ] B + \f3 3 A 5 - V3/3 2 ] B. 



(51) 
(52) 
(53) 

(54) 



IV. RASHEED SOLUTION 



In the following section, using the SL(2, P)-transformation mentioned in the previous section, we will generate a 
new rotating black hole solution, starting from the Rasheed solution [4?| . Hence, in this section, we briefly review the 
Rasheed solutions in five-dimensional pure gravity. The metric of the Rasheed solution is given by 



ds 2 = ^{dx 5 + B^dx^) 2 + \J^ds 2 {i)l 
where the four-dimensional (dimensionally reduced) metric is given by 



ds (i) = — 



r- 



r AB 



(dt + uj%d4>y 



I AB 



dr 2 



1 ABdO 



'ABA 



snr 



Here the functions (A, B, C, cj ^, cj 5 ^, / 2 , A) and the 1-form P M [66| are 



-7T 



2P 2 £ 



+ a 2 cos 2 9 + 



2JPQ cos 9 



V3 

C = 2Q(r-T,/V3) 
2 J sin 2 9 



2Q 2 £ 2 2 

+ a 2 cos 2 I 



(M + E/V3) 2 - Q 2 ' 
2 J PQ cos 9 



£ + v/3M ' " (M - S/\/3) 2 - P 2 ' 

2PJcos0(M + £/ v / 3) 



/ 2 



r-M 



(M -E/V3) 2 - P 2 ' 

(M 2 + £ 2 - P 2 - Q 2 )(i\J + S/V3) 
(M + S/V3) 2 - Q 2 



5 2PAcos6> 2QJ sin 2 6>[r(M - S/V3) + MS/V3 + S 2 - P 2 - Q 2 ] 

W 



A 



P / 2 [(M + S/V3) 2 -Q 2 ] 

- 2 - 2Mr + P 2 + Q 2 - E 2 + a 2 , 



- 2Mr + P 2 + Q 2 - Z 2 + a 2 cos 2 9, 



B u dx>* 



dt + (w 5 + d4>, 



(55) 
(56) 

(57) 
(58) 
(59) 
(60) 

(61) 

(62) 
(63) 

(64) 



where B^ describes the electromagnetic vector potential derived by dimensional reduction to four dimension. Here 
the constants, (M, P, Q, J, £), mean the mass, Kaluza-Klein magnetic charge, Kaluza-Klein electric charge, angular 
momentum along four dimension and dilaton charge, respectively, which are parameterized by the two parameters 

(a J) 



(1 + cosh 2 a cosh 2 /?) cosh a 

= = — -^fci 

2 a/ 1 + sinh 2 a cosh 2 /3 



(65) 
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y/3 cosh d(l — cosh 2 /3 + sinh 2 a cosh 2 (3) 
E = Affc, (66) 



2a/1 + sinh 2 A cosh 2 /3 



Q = sinh a y 1 + sinh 2 a cosh 2 /? M k , (67) 

sinh /3 cosh 8 , . 

P = ==M^ ( 68 ) 
1 + sinh 2 a cosh 2 8 



J = cosh B\l 1 + sinh 2 a cosh 2 /? aM fe . (69) 



Note that all the above parameters are not independent since they are related through the equation 

Q 2 P 2 2E 



(70) 



Z + y/SM E-y/3M 3 ' 
and the constant is written in terms of these parameters 

Ml = M 2 + S 2 - P 2 - Q 2 . (71) 

The constant J is also related to a by 

T 2_ 2 W + S/V3) 2 - Q 2 ][(M - Z/V3) 2 - P 2 } 

J ~ a M 2 + £ 2 -P 2 -Q 2 ' 1 j 

The dilaton and axion fields for the Rasheed solution are, respectively, 



A 

The Kaluza-Klcin gauge field and Maxwell field are, respectively, 



P=\l^r, A 5 = 0. (73) 



Bfl dx» = %dt + (uj 5 ^ + ) dcf>, A^dx" = 0. (74) 



B V B 



V. NEW SOLUTIONS 



Performing a series of the SL(2,R) transformations A = e~ aE e~^ F (a, 8: constants) for the Rasheed solutions 
in five-dimensional Einstein theory, we can obtain new solutions in the bosonic sector of five-dimensional minimal 
supergravity. From Eqs. (|73j) . (|43|) and (|44j) . the dilaton field and axion field for new solutions arc given by, respectively, 



new = VB/A (7 , 

P (l + a/3) 2 +8 2 B/A' { ' 



y/3(a + a 2 8 + 8B/A) 
(l + a/3) 2 + 8 2 B/A 



Integrating Eq. (|49|) for the Rasheed solutions (see Eq. (|64|l ) and further using the formulas ([50|) and (|54|) . we see 
that the Kaluza-Klein U(l) field and Maxwell U(l) field for the new solutions are written as 

B™ w =(l+aP) 3 B„ + 8 3 B li , (77) 

A n ™ = (1 + a/?) 2 [(1 + a/3)^ e ™ - V3a\ B^ + 8 2 {8A n ™ - v/3)S„, (78) 

where 

B^dx^ = ^dt + (u 5 ^ + ^lj ^ d<j>, (79) 
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B^dx^ 



2P(r + S/\/3) + 2JQ 



(M-S/V3) 
{M+^/V3) 2 -Q' 



■ COS! 



-dt 



2Qcos6» 



A 

9 x p (M+S/73) 9 7p P 2 -Q 2 + E(^A/-E/3) r,„2 0rn „ /9 

^^(M-E/v^-P 2 + (M-E/V3) 2 -P 2 +^WCOSP 



sin 2 9 



(80) 



To summarize, in terms of the two parameters (ct,/3), the metric is in the form: 



ds 1 



AB 



{A{1 + a(3) 2 + (3 2 Bf 



dx 5 + (1 + apfB^dx^ + ^B^dx* 1 



2 , A{l + a(3) 2 + p 2 B dg2 



'AB 



(-I)' 



(81) 



where the four-dimensional metric is the same as that of the seed solutions (given by Eq. (|56|l ). 

In order that the metric takes the standard asymptotic form, let us now consider the rescale of the coordinates: 



1 Cfe 5 k 1 

N*dt -> dt, — -> dx 5 , N^dr -> dr, 
and the redefinition of the parameters: 

NHl -> M, NJ -> J, N?Q -> Q, N^P -> P, N?a -> a, AT*E -> S, 
where N = /3 2 + j 2 (7=1 + at/3). In this case, we note that 

NA -> A, NB^ B, NC -> C, AT2 W % ^ jv^ 5 -> w 5 , ATA -> A, A^/ 2 -> / 2 . 
The rescaled metric and gauge field are written in the form: 



ds 2 = 



AB 



(A7 2 + /3 2 B) 2 



dx 5 + YBudx* + $ 3 B„dx^ 



2 Af + (3 2 B 



ds 



and 



A = A M dx M = 



(fB, t + pBJAT' - (afB^ + /3 2 B M ) 



(4) 



dx^ + AT w dx b 



(82) 

(83) 
(84) 

(85) 

(86) 



where the four-dimensional metric is also invariant under the rescale (given by Eq. (|56[) ). The dilaton field and axion 
are also written as, respectively, 



'AB 



Aj 2 + P 2 B 



Anew 
^5 



N- 



7 



(3 \ j 2 +/3 2 p 2 



Here, the constants j3 and 7 are defined by 



7 = AT~2 7i /3 = at-2/3. 



(87) 
(88) 

(89) 



A. Asymptotic structure and conserved charges 

Next we study the asymptotics of the obtained solutions. The metric at infinity, r — > 00, behaves as 



ds 2 



4,3 2 £ 
V3 



2M + 3| 

v 3 



+ 0(r- 2 ) \dt 2 + 2 



2(3 6 P + 2^Q 



+ 0(r~ 2 ) dtdx 5 



2 ^P-^m2^Q + 2^p)co S e^jsin 2 e + 0{r _ 2) j di# 

' 1 + 4 ^ 2 ~ /32)£ + G(r~ 2 ) ] (dx 5 ) 2 + r 2 sin 2 (l + O^" 1 )) dej) 2 + 2 hfP - 2/3 3 Q + O^ 1 )) dx 5 c 



V3r 

+ (1 + ©(r^ 1 )) fir 2 + r 2 (l + ©(r^ 1 )) ci(9 2 , 



(90) 
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and the gauge potential behaves as 

A _ / 2y/3/37[7Q - M 



+ 0{r- 2 ) j dt + VSP' 1 (iV» -7 + 0(r -1 )) dx 5 



+2V3^(3j(jP + f3Q)cos9 + 0(r~ 1 )^ d<p. (91) 

At infinity, our solutions behave as a four-dimensional flat spacctime plus a ecirclef and hence describe a Kaluza-Klein 
black hole. As shown by Ref. [5l[, this coincides with the asymptotic behaviors for a compactified spacetimc in the 
five-dimensional minimal supcrgravity. Thus, we see that the SX(2, R) transformation preserves the five-dimensional 
Kaluza-Klein asymptotic. On the other hand, the four-dimensional metric at infinity behaves as 

dsf 4) ~ - (l - ^ + 0(r- 2 )) dt 2 - + (r- 2 fj dtd^ + (l+ 2 J± + 0{ r - 2 )^ dr 2 

+r 2 (l + C(r- 1 ))(d6» 2 + sin 2 6d<t> 2 ). (92) 
The gauge potentials for Kaluza-Klein and Maxwell fields behaves as, respectively, 



B^dx* 1 



0{r- 2 ) dt+ (20Q-jP)cos0 + O(r- 1 fj d<j>, (93) 



A^dxf* ~ ( 2v ^^^ Q ^ +0{r~ 2 ) ) dt + 2V3(M(jP + PQ)cos6 + O{r- 1 )^d0. (94) 



Here, the constants M and J are the asymptotic conserved mass and angular momentum for the dimensionally reduced 

cm 



spacctime. For stationary, axisymmetric spacetimes with Killing symmetries £f = (d/dt)^ and £^ = (d/dcj))^, the 



charges can be defined over the two-surface at spatial infinity as, respectively, 

M =-hl s ^ J= wJ s ^- (95) 

where £t and £^ without the index denote 1-forms, i.e., £t = gt^dx^ and = g^^dx^ . The (Kaluza-Klein) electric 
charge and magnetic charge for the gauge field arc defined as, respectively, 

Q = i=f p 3 * b > p = ht 6 ' (96) 

where 5 2 denotes a closed two-surface surrounding the black hole and the two form field B is defined by B = 

^B^dx 11 Adx v . Similarly, the electric charge and magnetic charge for the gauge field are defined as, respectively, 



(97) 

where T = ^F^dx^ 1 A dx v and J 7 ' 4 ' = ^Fj^dx^ A dx v . From the asymptotic behaviors of the metric and gauge 
potential, we can read off the values of the charges of the new solutions: 

M new = M) (-gg) 

J new = J, (99) 

Q new = i3 3 P + fQ, (100) 

P new = 7 3 P - j3 3 Q, (101) 

q n ™ = V3fa(7Q-pP), (102) 

p n ™ = y/3P70Q + jP). (103) 

We mention that similar transformations of charges have been obtained in a (different) N = 2 supergravity (59[. The 
scalar charge E p and axion charge E a are written as 

S p = ( 7 2 - /3 2 )£, S a = 4^ 7 S. (104) 
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B. Horizon 

As will be shown below, the horizons exist at the values of r = r± which satisfies the quadratic equation A = 
when the parameters satisfy the inequality 

AI 2 > P 2 + Q 2 + a 2 - E 2 , (105) 

which is the necessary condition for existence of horizons. Let us introduce the new coordinates (<', 0', a;' 5 ) defined by 

dt = dt' + F(r)dr, (106) 

dcj} = d<j)' + G(r)dr, (107) 

dx 5 = dx' 5 + H(r)dr, (108) 

where the functions F, H and H are defined by 

,o f „.\nt-\ ( 109 ) 

(110) 



F(r) = -u%(r±)G(r), 
G(r) = 

~ 9 TP 

ff( r ) = -fu; 5 (r ± )G(r)+/? 3 — 



2Q 2 



M + - | r. 



P 2 - Q 2 + E (V3M 



.(111) 



Here, we denote cu°,p(r + ,6) and w 5 0(r + ,#) by w°,-/,(r + ) and w 5 0(r + ) simply, respectively. In terms of the coordinates 
(t', </>', a/ 5 ), the metric can be written as 



ds 2 = p 2 



dx' 5 + B^dx'i 1 + f 5 — ^ 2P cos (9 - 

' f 2 \ p/ + E/V3) 2 -Q 2 ](r-r T ) 



'5 , D A„m i -,3 a 
n 

C /2Jsin 2 6» 

B V r-r T 



2QJ(M -S/V3) sin 2 6» 



w 5 ^(r±) 



w%(r±) ^r + /3 3 



2JP(A/ + E/\/3) 



i[(M-E/V3) 2 --P 2 ](r-r T ) 

-1 2 



a(c 2 (r - r±) 2 + ci(r - r±) + c ) + 2Qa((r - r±) + d ) cost 
(r - r T )A 



>dr 



p 1 ds 



(4)' 



(112) 



where the four-dimensional metric is 



d? 2 

« s (4) 



r- 



VAB 



, i n , ,/ o f 2 J sin 2 i 
dt' + uj ^' + 



f 2 \r- 



^ <f>( r ±) dr 



dr 2 2a sin 2 6 „ A sin 2 (9 



y2 y2 



-drdtf + d9 2 



,12 



(113) 



The constants Cj (i = 0, 1, 2) and do are 
2JP 



Co 



V 7 ! 



fa 2 -^|L7 + (r ± -f) 3r ± - ^ +2 r ± - ^ (P 2 - Q 2 + E(,/3M - f )) 



P 2 



4JP ( M + S J (M " - -P 2 - + S 2 ) + 2Q 2 (r ± - ^) 4 Jp 



(r± - M), 



Q 2 



(114) 



Cl 



2JP 



3 M 



^(M-V3E) 



2Q 2 



M 



(115) 



C2 





2 JP 




*) 


a 2 


[(M 


e N 


2 

-P 2 



(116) 
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2S 



2J 2 P 2 (M 











a 2 









(117) 



We can see that the metric well behaves at r = r±. Furthermore, to see that the surfaces r = r± are Killing horizons, 
we introduce coordinates (v, <fi",x" 5 ) defined by 

d£ = dv, (118) 

(119) 
(120) 



b"-LJ° lt> (r ± )- 1 dv, 



dx' 5 = dx" 5 + [(B^io ^)- 1 - B t (r ± ))]dv - B^{r±)d4>" 
Then, near r = r±, the metric behaves as 
ds 2 ~ p(r ± ) 2 [dx" 5 + hdr] 2 + p(ri)- 1 



a 2 sin 2 i 



y/A(r ± )B(r ± ) 



(w%(r±)#" + hdr)' + ^A(r ± )B{r ± ) 



dr 2 



f{r±f 



d6 



-dr{d<j)" -uj Q <j) (r±y 1 dv) 



(121) 



where the functions /i and arc defined by 

2QJ(M-S/v / 3) sin 2 (9 



h = f 



f(r±Y 



2Fcos( 



p/ + S/V3) 2 -Q 2 ](r±-r T ) 



w 5 (r±) 



C(r±) (2Jsm 2 9 



h = 



B(r ± 
a 



r± - r T 
2 J sin 2 



w%(r±)l +^ 



2JP(A/ + E/>/3) 



a(co + 2Qdo cos 9] 
i[(M - S/V3) 2 - P 2 ](r± -r~)~ (r T - r ± )A(r ± ) 



r± 



-«V»-±))- 



., (122) 
(123) 



From this, one see that the Killing vector V — d/dv becomes null on the null surfaces r = r±. Moreover V^dx* 1 = g vr dr 
holds there, so that V is tangent to the surfaces. Therefore this shows that the surfaces r = r± are Killing horizons. 

We now consider what the topology of the spatial cross section of the horizon, which is given by the roots of 
A = 0, is from the five-dimensional point of view. From the four dimensional point of view, it is evident that each 
t, ?'=constant surface is topologically S 2 . It hence follows that in the five-dimensional spacetime, each t, r=constant 
surfaces can be regarded as a U(l) principle bundle over S 2 . In this case, to know the topology of the fiber bundle, 
it is convenient to consider the first Chcrn number of the surface, which is defined as 



ci(B) = - 



1 



Ax 5 



B, 



(124) 



(125) 



where B = ^B^dx^ A dx v and the periodicity of the fifth coordinate x 5 is set to be 

A.t 5 = 4tt(27 3 P- 2/3 3 Q). 
From Eq. (|85p . we can compute the first Chern number as 

| Cl (B)| = l, (126) 
which means that each t, r=constant surface (hence the spatial cross section of the horizon) is diffcomorphic to S* 3 . 



VI. SUMMARY AND DISCUSSION 



In this paper, we have presented new Kaluza-Klcin black hole solutions in five-dimensional minimal supcrgravity. We 
have used the SL{2, R) duality symmetry that the reduced Lagrangian possesses upon reduction to four dimensions. 
We have also studied regularity on horizons and have shown that our black hole solutions have six conserved charges 
(but see below). From a four-dimensional point of view, our solutions can be regarded as dyonic rotating black holes 
which have electric and magnetic charges of the Maxwell fields in addition to Kaluza-Klein electric and magnetic 
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monopolc charges. From the five-dimensional point of view, like known Kaluza-Klein charged black hole solutions, 
the black hole spacetime has two horizons, the outer and inner horizons, and although the cross-section geometry of 
the outer horizon is of S* 3 , at large distances the spacetime behaves effectively as a four-dimensional spacetime. 

First, we would like to comment on how many independent parameters our solutions have. As mentioned previously, 
although our solutions carry six charges, we find that not all are independent. To see this, it is straightforward to 
compute the Jacobian, which is computed as 



d(Q" 



ew r>new n new ^new ~\ 



d(Q,P,a,(3) 



0. 



This means that the relation between the four charges (Q new , P new : qnew ^ pnew ^ an( j f our p arame ters (Q,P,a, f3) 
is not one-to-one. This fact can also be recognized as follows: In terms of /3 and j(= 1 + a/3), the new charges are 
written as 



(P 

Q 
v 
\ i 



\ 



new 
new 



i 



/ 



7 



Pi 2 lP 2 
V -7/3 2 Pi 2 J 




(127) 



where for simplicity we divide (p new , q new ) by \/2>. The set of charges 



Q 



can be solved in two ways, using x = fi/'y: 





(128) 
(129) 



Eliminating 



P 



from these equations, we find 



± Vs 2 + 1, 



(130) 



where 



^ pnewpn 



Qnew ^new 



2 Qnew ptiew pnew ^ne 



(131) 



s is determined by the two ratios p new / q new and p™™/Q™™_ If the length of 



= \Jv 



,w2 + q new2 j g fixed 



(~new \ / pnew \ 

is determined, and is also determined by the equation 

qnew J 7 I Qnew J ^ x 



pnew 
r\new 




(132) 



Only the solutions with charges satisfying (|132|) can be generated. For this reason, our solutions do not have a limit 
to the Ishihara-Matsuno solutions. 

The constraint between the charges may be regarded as a consequence of the fact that the -EV(+7) U-duality 
transformation does not change the quartic invariant (37j , which is made of an £7 multiplet in the 56 representation. 
Indeed, by using the consistent truncation [58| . one can see what becomes of the quartic invariant of i?7( + 7j in the 
dimcnsionally reduced D = 5 minimal supergravity. The result is a certain quartic invariant of SX(2,R) made out 
of, in this case, an S'L(2,R) multiplet in the 4 representation. 

It is natural to think that the most general black hole solutions within the theory — if exist — should have inde- 
pendent six charges. In principle, our technique would allows to generate such solutions with maximal number of 
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parameters (a mass, an angular momentum, two electric charges, and two magnetic charges), depending on the choice 
of a seed and a Killing vector. We leave this issue open for future work. 

Moreover, in connection with the above discussion concerning the parameter independence, we here mention the 
difference between the five-parameter solutions constructed in this paper and other five-parameter solutions in Ref. [5(| , 
which have recently been constructed by a non-linear sigma model approach (50(4, 4)-duality) in five-dimensional 
U (l) 3 ungauged supergravity (as well known, identifying three U(l) gauge fields and freezing out the moduli fields [49[ 
in the theory yields five-dimensional minimal supergravity.). For the solutions in Ref. the dimensionally reduced 
solutions have not only the electric charge q and magnetic charge p but also a nut parameter, so that the four- 
dimensional metric is no longer asymptotically Minkowskian. When one takes the vanishing limit of the nut parameter, 
both the charges must vanish. By contrast, our solutions does not have such a nut parameter, and it turns out that 
when the parameters satisfy 7Q = $P (or 7P = —j3Q), the electric charge q new (p new ) vanishes but the magnetic 
charge p new (q new ) does not. 

Next, we provide some further remarks on the solution-generation technique by the (D = 3) non- linear sigma in [52j 
model and the SL(2, i?)-duality that we have used in this paper. Our transformation requires at least a single Killing 
vector, while the (D = 3) non-linear sigma model approach needs the existence of two commuting Killing vectors. 
For the non-linear sigma model approach, the bosonic sector of five-dimensional minimal supergravity theory with 
two commuting independent Killing symmetries can be described by three-dimensional gravity coupled with eight 
scalar fields & A (A = l,--- ,8) describing the coset space G 2 (+2)/[5X(2, i?) x SL(2,R)]. Thus, the solutions of the 
original system can be expressed by a symmetric, unimodular matrix M(<& A ). In this case, one must identify the 
target space coordinates Q A corresponding to the seed solution and form the coset matrix M($ j4 ) on the symmetric 
space G 2 ( +2 )/[<SX(2, i?) x SL(2,R)\. This dualization involves solving certain linear partial derivative equations on 
the three-dimensional base space. Then, we make a desirable type of a global G 2 (+2) transformation il/($ A ) — > 
M'(3> A ) = A t M($ A )A for A e G 2 ( +2 ). From the relation M{& A ) = M'($ A ), one can express the new target space 
variables <& lA in terms of the old target space variables Finally, one identifies the metric and gauge potential of 
the new solution with the new target space coordinates $ /j4 , which is so-called inverse dualization and also requires 
solving some linear partial differential equations. Although the construction of the new target space variables via 
the hidden symmetry transformations is a relatively simple problem, some complications often arise in solving the 
dualization equations for the one-form fields to scalars. However, for our formalism, we would like to emphasize that 
unlike the sigma model approach, it is only when one computes the 1-form B from the Kaluza-Klein gauge field B 
for a seed solution in Eq. (|49[) that one has to solve such partial differential equations. An interesting application can 
be expected for the construction of a wider class of black hole solutions. 

Finally, we would like to make a few comments on the transformation preserving asymptotics. All the actions of the 
SL(2, R) group on a five-dimensional Kaluza-Klein type of solution preserve its asymptotic structure, i.e., if we start 
with an asymptotically Kaluza-Klein solution as a seed, the transformed solution is also sure to be an asymptotically 
Kaluza-Klein solution. (This should be compared with the D = 3 duality, where only the denominator subgroup H 
of the G/H sigma model preserves the asymptotics [60| ; the D = 4 SL(2, R) here becomes a part of the denominator 
subgroup upon further reduction to three dimensions.) We can see this by the following simple consideration: When we 
choose the generator of the fifth direction d/dx 5 as a Killing vector in dimensional reduction, it is evident that for the 
starting-point Kaluza-Klein black hole solution, the dilaton field p and axion field A5 at infinity behave as constants. 
From Eq. (|43|) . it hence follows that under the global SL(2, R) linear transformation, the transformed dilaton field at 
infinity also have to behave as constant, and that furthermore under the transformation, the four-dimensional metric 
ds^ is invariant. Therefore, Kaluza-Klein asymptotics is preserved by this transformation, while, as is easily seen, 
the SL(2, i?)-transformation in general cannot preserve asymptotic flatness (asymptotic Minkowskian). 
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